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Optimal investment portfolio for a dynamic life insurance product
using stochastic control approach

Abstract

Objective: In this paper, we have designed a life insurance product with optimal stochastic control approach.
These products are such that in exchange for receiving an amount as insurance premium that is paid at
specific times, the insurer undertakes to pay insurance benefits when the policyholder is alive at the end of
the contract.

Methodology: This research is an applied-development study in terms of its objectives and is considered as
an analytical study. In the life insurance literature, there are a variety of products that differ in how benefits
are paid and when they are implemented. These products can be used as Term insurance, Pure Endowment
life insurance and Endowment life insurance. Traditional insurance products that have benefits are fixed,
they quickly lose their appeal due to the existence of inflationary markets. In this article, we designed a pure
endowment in which an insurance company agrees to pay the insured a certain amount of money if the
insured is still alive at the end of specific time period. In our designed contract, premiums are received from
the policyholder at certain times. The insurer undertakes to pay the premiums by a certain guarantee rate, in
addition, by investing in a portfolio of risky and risk free assets and share.invest profits. Therefore, stochastic
optimal control approach have been used to model investment. All numerical results of this research have
been done with the help of Matlab and Maple.

Findings: In this paper, we focus on the investment (in a finite timetable) for the person who buys this policy.
In general, we consider a portfolio of the risky and risk free asset and find an optimal strategy and
consumption for this portfolio. Optimal allocation of capital among a set of financial assets under conditions
of uncertainty and risk is a well-established research field in finance theory. In order to choose the best

investment, with the help of the stochastic optimal control approach, the best investment strategy for a person
who has the CRRA utility function and buys this product is calculated to pay the most benefits at the end of
the contract. To invest in this contract, modeling has been done in a non-risky market such as a bank and a
risky market such as stocks that have price jumps. Also, to model the risk asset, the Kou model, which is a
representative of models with finite activity, was used, and at the end, a comparison was made for several
mortality functions.

Conclusion: The main purpose of this article is investment for policyholders who have purchased this
product. In the product designed. in this paper, the insurer undertakes to pay the premiums received at a
guaranteed rate at the end of the contract, and also to pay a certain percentage of the profit from the
investment that is determined at the beginning of each year. The simulations show that the behavior of the
optimal consumption rate is the same as the Merton model, with the difference that the behavior of jumps
price is evident in the optimal consumption rate designed in this article. Investment results for several
mortality functions are reported in the numerical results section.

Key words: pure endowment, CRRA utility function, stochastic optimal control, mortality function, Kou
model
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T5%5%%%%%%%%%%%%%% Optimal Consumption for Kou Jump Model%%%%%%%%%%5%%%%%%%%%%
.04; i .3; mu=0.28; sig=0.16; r=0.04; C=1.01; B=0.01;

x=60; xx=30; pi=0.3901; T=20; fivG=-0.01; a=0.05;

gg=7.15; f£iKOU=0.07;

ZaribKou=[0.3463 0.7143 1.1053 1.5209 1.9626 2.4321 2.9312 3.4617 4.0256
4.6252 5.2627 5.9405 6.6614 7.4279 8.2431 9.1102 10.0325:11.0136 12.0574
13.16781;

t=1:1:T;

si=(1l-g) * (r+pi* (mu+ (0.5* (sig”2))-r)-(0.5*g* ((pi*sig)*2)))+£iKOU;

for i=1l:length(t)

X=ZaribKou (1) *exp ((1/g)* (((B/log(C))* (CM(x+t(1))-C x))-si*(T-t(1i))));
XX=ZaribKou (i) *exp ((1/gg) * (( (B/log(C)) *(C" (xx+t (1)) -C"xx))-si* (T-t(i))));

cc (i, :)=exp(a*(T-t (1)) /gg)/ (XX);
c(i,:)=exp(a*(T-t(1))/q9)/(X);

end

hold on

plot(t,c,'.-")

plot(t,cc, '—-+")

ylabel ('Optimal Consumption (c**)")

g=3.2; c¢si=0.3; mu=0.28; sig=0.16; r=0.04; w=100; x=60; xx=20; pi=0.3901;
T=20; fivG=-0.1;; a=0.05;
gg=2.75; fiKOU=0.7;
t=1:1:T;
si=(1l-g) * (r+pi* (mu+(0.5* (sig”2))-r)-(0.5*g* ((pi*sig) "2)))+f£iKOU;
for i=l:length(t)
X=exp (csi* (w-x-T) - (si* (T-t(i)))/qg);

Y=(csi”(-g-1))* ((2% (w-x)) / (w-x-t (1))) " (1/q9);
G=gammainc (csi* (w-x),g+l) —gammainc (csi* (w-x-t(i)),g+l);

XX=exp (csi* (w—xx-T) - (si* (T-t(i)))/gqg);
YY=(csi” (-gg-1))* ((2* (w-xx))/ (w-xx-t(i)))"(1/gq9);
GG=gammainc (csi* (w-xx),gg+l) -gammainc (csi* (w-xx-t (i)),gg+l);

cc(i,:)=exp(a*(T-t (1)) /gg)/ (GG*XX*YY) ;
c(i,:)=exp(a*(T-t(1))/qg)/ (G*X*Y);
end



hold on

plot(t,c,'.-")

plot(t,cc, '—+")

ylabel ('Optimal Consumption (c**)")
xlabel ("Time (t) ")

C=1.01; B=0.01; T=20; x=30; a=0.05; xx=60;

t=1:1:T;

for i=1l:length(t)
X=mfun ('Ei', (B* (C ) /1log(C));
Y=mfun('Ei', (B* (CA(X+t( )))) /1log(C));
Z=exp (a* (T-t (1)) - (B*C"(x+t (i)))/log(C))*1log(C);
XX=mfun ('Ei', (B* (C"xx))/1log(C));
YY=mfun ('Ei', (B* (C" (xx+t(1))))/log(C));
ZZ=exp (a* (T-t (1)) - (B*C" (xx+t (i)))/log(C))*1log(C);
c(i,:)=z2/(Y¥Y-X);
cc (i, :)=22/ (YY-XX) ;

end

hold on

plot(t,c,'.-")

plot(t,cc, '—-+")
ylabel ('Optimal Consumption (c**)")
xlabel ('Time

—
o+
0 ~—

for i=1: length( )
c(i, :)=((w-x)*(alpha”2))/ ((l+(alpha*t(i))-alpha* (w-
x) ) +texp (alpha*t (1)) * (l+alpha* (w-x)));

cc (i, :)=((w-xx)*(alpha”2))/ ((1l+(alpha*t (i))-alpha* (w-
xx) ) +texp (alpha*t (1)) * (l+alpha* (w-xx)));

end

hold on
plot(t,c,'.—")
plot(t,cc,'—-+")
ylabel ('Optimal Consumption (c**)")
xlabel ('Time (£) ")
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> restart :
> with(Student| NumericalAnalysis|) : with(LinearAlgebra) :
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> P0:=05:
> fo= ot (Ep- (1 0P = 1) (1 =0 872 =0 (1=p)-(1 = P-) 51— 1)
_1) :

> M2 = expand(Quadrature(f(t), t=0..1,method = gaussian[ 3] , partition = 1, output
=value)) :

A

> M22 := expand(Quadrature(f(t),t=0..1, method = newtoncotes[3] , partition= 1, output
=value)) :

> equ = P—>—g'02-P + M2

> Optimal Strategy = (u + 0.5 (52 — r) + Newton(equ(P), P = PO, tolerance = 10_2)



